THE SEMILATTICE, BOX, AND LATTICE-TENSOR PRODUCTS 

IN QUANTUM LOGIC 
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Abstract. Given two complete atomistic lattices C\ and £2, we define a 
set S = S(£i,£2) of complete atomistic lattices by means of three axioms 
(natural regarding the description of separated quantum compound systems), 
or in terms of a universal property with respect to a given class of bimor- 
phisms. We prove that S is a complete lattice. The bottom element C\®C2 
is the separated product of Aerts. For atomistic lattices with 1 (not complete), 
C\®C2 = C\\I\C2 the box product of Gratzer and Wehrung, and, in case C\ 
and C2 are moreover coatomistic, Ci@C2 = Ci^C2 the lattice tensor product. 
The top element Ci(7)C2 is the (complete) join-semilattice tensor product of 
Eraser, which is isomorphic to the tensor products of Chu and Shmuely. With 
some additional hypotheses on Ci and C2 (true if Ci and C2 are moreover 
orthomodular with the covering property), we prove that S is a singleton if 
and only if Ci or C2 is distributive, if and only if Ci®C2 has the covering 
property. Our main result reads: £ £ S admits an orthocomplementation if 
and only if C = Ci@C2- For Ci and C2 moreover irreducible, we characterize 
the automorphisms of each £ 6 S in terms of those of Ci and £2- At the end, 
we construct an example £i(l])£2 in S which has the covering property. 



1. Introduction 

In quantum logic, on associates to a physical system S a couple (S5, £5 C 2^^), 
where Ss represents all possible states of S and £5 the experimental propositions 
concerning S: A proposition represented by some a € £5 is true with probability 1 
if and only if the state of S lies in o 

A cornerstone is the following theorem, by which the Hilbert space structure of 
quantum mechanics can be recovered from a certain number of axioms on the poset 
Cs (see [ni, Theorems 34.5 and 34.9). 

Theorem 1.1. If Cs is an irreducible orthocomplemented simple closure space on 
S5 (i.e. Cs is closed under arbitrary set-intersections and contains 0, E5 and all 
singletons) with the covering property of length > 4, then there is a *~ division ring 
IK and a vector space Es over K with an Hermitian form such that Cs is ortho- 
isomorphic to the lattice P(Es) of Es — closed subspaces of Es. Moreover, i/K — M 
or C with the usual involution, then Es is a Hilbert space if and only if Cs is also 
orthomodular. 

If 5 is a compound system consisting of two subsystems Si and S2 , then x 
S52 C S5. In classical mechanics there is equality whereas in quantum theory S5 
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is given by all one-dimcnsional subspaces of the Hilbert space Jis = Tisi ® 
|14j . However, when two quantum systems 6*1 and S2 are separated we have [Tllll) 

(PI) Ss = S5i X Es,. 

In particular, simultaneous experiments on both systems can be performed and 
any experiment done on one system does not alter the state of the other system. 
Therefore, if Pi is a proposition concerning 5*1 represented by some ai G Ci and P2 
is a proposition concerning S2 represented by some a2 G then the proposition 
Pi OR P2 concerning the compound system is true with probability 1 if and only 
if the state pi of Si lies in ai or the state p2 of S2 lies in 02. In other words [Tllll) 

(P2) fli X T,s-2 U ^Si X ^2 G Cs^ for all ai e Cs^ and 02 G Cs2- 

For separated systems, it can be shown that Cs^ which we denote by Cs^^ , 
cannot be isomorphic to the lattice of closed subspaces of a Hilbert space [2]. As 
consequence some axioms of Theorem 1 1 . 1 1 are failing in Ls^^ ■ 

In [P, Aerts proposed a model Csi®Cs2 for Cs^^^, , call the separated product. For 
£si and Cs^ orthocomplemented simple closure spaces (in that case the separated 
product is an orthocomplemented simple closure space), he proved that if Csi®^S2 
has the covering property or is orthomodular, then Cs^ or is a power set, hence 
Si or 5*2 is a classical system p. As a consequence, according to Aerts, the covering 
property and orthomodularity do not hold in Cs^^^ ■ A similar conclusion concerning 
orthomodularity was obtained by Pulmannova in |17| . 

Here we show that £5^^^ does not admit an orthocomplementation. Moreover 
we provide a natural model for Cs^^^ which has the covering property. We proceed 
as follows: Following JH| and [T], we assume that Csi, ^82 and £s„p are simple 
closure spaces. Moreover, in addition to Axioms PI and P2 above, we postulate 
that 

(P3) for all Pi G S5. and all C J^g^, [pi x ^2 G Cs,,^ ^ A2 e £2] and 
[Ai X p2 e Cs,,^ Ai e Ci]. 

We refer to j^] for detailed physical justifications of Axioms P1-P3. Let S12 = 
S(£si,£s2) be the set of all simple closure spaces on Y^Si x Sg^ for which Axioms 
P2 and P3 hold. Let £ G S12. We prove that if £5^ and £32 are orthocomplemented 
simple closure spaces with the covering property, then £ admits and orthocomple- 
mentation if and only if £ = Csi®^S2 ■ We conclude by a simple physical argument 
which shows that certainly Csi@Cs2 ^ £Ssep ITT. 

The rest of the paper is organized as follows. In Section |21 we fixe some basic 
terminology and notations and we define S = S(£i, • • • ,£„). We prove that S is 
a complete lattice, the bottom and top elements of which are denoted by @j£i 
and ®i£i respectively. In Section O we compare @ and ® to a certain number 
of tensor products. An equivalent definition of S, in terms of a universal property 
with respect to a given class of bimorphisms (arbitrary joins are preserved) is given 
in Section^ Let £ G S. In Section El we prove some basic relations between the 
central elements of £i's and £. 

Further, with some additional hypotheses on each Ci (true if Ci is moreover 
orthomodular with the covering property) we prove that S is a singleton (i.e. 
@iCi = ®iCi) if and only if at most one d is not a power set (Section El if 
and only if ©^Ci or ®i£i has the covering property (Section EJ. Recall that in the 
physical interpretation, Csi — 2^^^ if and only if Si is classical. 



THE SEMILATTICE, BOX, AND LATTICE-TENSOR PRODUCTS IN QUANTUM LOGIC 3 

Let £ S S and u : C ^ C preserving arbitrary joins and sending atoms to atoms. 
In Section Owe prove, under some hypotheses on the image of u, that if each d 
is moreover irreducible, then there is a permutation / and join-preserving maps 
Vi : Ci ^ ^f(i) sending atoms to atoms, such that on atoms u = f o [vi x • • • x t;„). 
A time evolution can be modelled by a map preserving arbitrary joins and sending 
atoms to atoms fBI. Hence, in the physical interpretation, this result shows that 
separated quantum systems remain separated only if they do not interact. Finally, 
Section |H1 is devoted to our main result and Section [TUI to the example mentioned 
above. 

2. Main definitions 

In this section we give our main definitions. We start with some background 
material and basic notations used in the sequel. 

Definition 2.1. By a simple closure space L (on S) we mean a set of subsets of a 
nonempty set S, ordered by set-inclusion, closed under arbitrary set-intersections 
{i.e. for all w C £, fio; G £), and containing S, 0, and all singletons. We denote 
the bottom (0) and top (E) elements by and 1 respectively. For p e E, we denote 
the singleton {p} by p. Hence p U g stands for {p, q}. 

Remark 2.2. Let £ be a simple closure space on a (nonempty) set E. Then L is 
a complete atomistic lattice, the atoms of which correspond to all singletons of E. 
Note that if A C E, then \l dA) = n{6 £ £ ; A C 6}. 

Conversely, let £ be a complete atomistic lattice. Let E denote the set of atoms of 
£, and, for each a G £, let E[a] denote the set of atoms under a. Then {E[a] ; a e £} 
is a simple closure space on E, isomorphic to £. 

Definition 2.3. A lattice £ with and 1 is orthocomplemented if there is a unary 
operation (orthocomplementation), also denoted by ', such that for all a, b C, 
{a'^)'^ = a, a < b implies 6^ < a^, and a V a-*" = 1. 

An orthocomplemented lattice is orthomodular if for all a, 6 G £, a < 6 implies 
b = ay {b ^a^). 

A lattice with has the covering property if for any atom p and any a E C, 
p A a = implies that p V a covers a (in symbols pW a> a). 

Finally, a lattice £ with and 1 is called a DAC-lattice if £ and its dual £* 
(defined by the converse order-relation) are atomistic with the covering property 
jl3|. We say that a lattice £ with 1 is coatomistic if the dual £* is atomistic. 

Remark 2.4. Note that an orthocomplemented atomistic lattice with the covering 
property is a DAC-lattice. Note also that in Theorcm ll.il if instead of orthocom- 
plemented, the simple closure space is a DAC-lattice, then there is a pair of dual 
vector spaces such that a representation theorem similar to Theorem II . II holds (see 
[131, Theorem 33.7). 

Definition 2.5. We denote the category of simple closure spaces with maps pre- 
serving arbitrary joins (hence 0) by CI, and the sub-category of simple closure 
spaces on a particular (nonempty) set E, by C1(E). 2 denotes the simple closure 
space isomorphic to the two-element lattice. 

Let £ G C1(E). We write Aut(£) for the group of automorphisms of £. Let 
£i G Cl(Ei). Note that any map m : £ ^ £i sending atoms to atoms induces 
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a mapping from S to Ei, which we also call u. Thus, if m G Aut(>C), then for all 
a ^ C, u{a) — {u{p) ; p e a}. 

If C is orthocomplemented, for p, g G E, we write p _L g if and only if p S q'^, 
where stands for {q}^. 

Finally, if 7i is a complex Hilbert space, then Y.-u denotes the set of one- 
dimensional subspaces of Ti. and P(7i) stands for the simple closure space isomor- 
phic to the lattice of closed subspaces of 7i. Moreover, we write U(7i) for the set 
of automorphisms of P(?i) induced by unitary maps on TC. 

Definition 2.6. Let {J^a}aen be a family of nonempty sets, S = Yla ^q, (3 ^ ^, 
p e S, and i? C S. We shall make use of the following notations: 

(1) We denote by tt^ : S — *■ E^ the /3— th coordinate map, i.e., TTpip) =P0. 

(2) We denote by p[—, (3] : E;3 — > S the map which sends 9 G to the element 
of S obtained by replacing p's /3— th entry by q. 

(3) We define Rp[p] = 7r0(p[E^j, /3] n i?). 

We omit the P in p[—, /3] when no confusion can occur. For instance, we write p[E^] 
instead of p[E^, /?] . 

Remark 2.7. p[Ri3[p]] p[E^] n R. 

Definition 2.8. Let {£a G Cl{T,a)}aen- We denote by S{£a,C( £ f2) the set all 
C G C1(S) such that 

(PI) ^ = Ua^o., 

(P2) U„7r-i(aa) G C, for aU a G Ila'Ca, 

(P3) for all p G S, /3 G f], and A C S^, /3] G £ ^ A G ZI/s]. 

Let T ^H^Ta with C Aut{Ca). We denote by 5T(/:a,a G fl) the set of ah 
C G S(£q, a G il) such that 

(P4) for all V E T, there is u G Aut(£) such that u{p)a = Va(pa) for all p G S 
and a G r2. 

We call elements of S{Ca, a G f2) weaA; tensor products. 

Definition 2.9. We say that C G C1(E) (respectively T C Aut(>C)) is transitive if 
the action of Aut(£) (respectively the action of T) on E is transitive. 

Remark 2.10. The u in Axiom P4 is necessarily unique. If all in Axiom P4 are 
transitive, then C is transitive. Note also that, 5t(>Cq,q; G il) C S(>Cq,q; G il) for 
all T = Yia^a, with Ta C Aut(£a). The name "weak tensor product" is justified 
by the fact that S{Ca,Oi G fi) and ST{.Ca,ct G fl) can be defined in terms of a 
universal property with respect to a given class of bimorphisms of CI (see Section 

mi. 

Definition 2.11. Let {'S,a}aeci be a family of nonempty sets and {Ca Q 2^°}agn. 
Let S = Ha Sq. Then 

@{Ca ; a £ n} := {nuj ; oj C {Ua7r-i(a„) ; a G UaC^}} - 
; a G r!} {i? C S ; Rpip] G £^3, Vp G S, /5 G f7} , 



ordered by set-inclusion. 
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Proposition 2.12. Let {Sajaeo be a family of nonempty sets, and let {Ca ^ 
2^°}aeo. Let {Vt-y C ; 7 g T} such that D, = U{^7 ; 7 e T}. Then 

Proof. Direct from Definition l2.11l □ 

Theorem 2.13. Let {Ca e Cl(I]„)}Qej2. For all T ^JJ^Ta with C k\it{Ca), 
and ®^Ca are in SriCa^a £ 5^). Moreover, @^Ca and ®^Ca are the 
bottom and the top elements of S{Ca, a £ 51) respectively, and ST{Ca,a G ri) and 
S(£Q,,a e 57), ordered by set-inclusion, are complete lattices. 

Proof. Let S = Ha^a- Obviously, ©^£0 and ®aCa contain and S, and by 
definition is fl— closed and ®a^a contains all singletons. If cj C ®^Ca, 

then [<r]uj)p[p\ = n{i?/3[p] ; R G uj}. Moreover, for all p G S, C\aT^a^{pa) ~ p. As 
a consequence, @q,>Cq and ®^Ca are simple closure spaces on S, and obviously. 
Axioms P2 and P3 hold (note that for A C E^, /?] C UQ,7rQ;^(aQ) if and only if 
A C Ofj, or p,^ G for some 77^/?, therefore V(g)p[A, /3] = p[VA, /3]), 
Let w G T, a G Oa Ca, p eTl, RC S, and w C 2^, Then, 

w(UQ7r~^(aQ)) = UaT^a^ {Va{aa)) , 

and 

«(i?)0[z;(p)] =z;0(i?0[p]). 

Moreover v{riuj) = ri{v{x) ; x G w}. Hence, w is a bijection of ®aCa and of ®^Ca, 
and w preserves arbitrary meets, hence also arbitrary joins. 

Let C G S{Ca,a: G il). By Axiom P2, @„>Cq C C, whereas by Axiom P3, 

CC®^Ca. 

Finally, if C S{Ca,oi G ft) (respectively cu C ST{Ca,ct G ft)), then obviously 
r\ui = {a e C , yC e uj} e S{Ca,a e ft) (respectively (luj G SriCa^a G fi)). □ 

Corollary 2.14. Let {Ca £ C\{T.a)}aen and S = Ha Then 
S{Ca,ae n)^{Ce C1(S) ; C £ C . 

Remark 2.15. Let {Ca e Cl}„ef^, For all T ^ JJ^Ta with T„ C Aut{Ca), 
SriCa, a G ri) is a complete meet-sublattice of S{Ca, a G ft). 

Proposition 2.16. Let Ci, C2 G CL Then Ci®C2 ~ C2®Ci, Ci®C2 ^ C2®Ci, 
and 2®Ci ^Ci^ 2®Ci. 

Proof. Direct from Definition l2.11l □ 

Proposition 2.17. Let {Ca e Cl}aen and T = Ha w'**^ ^a C Aut{Ca). Then 
there is an isomorphism f : SriCa^ot G f2) ^ ST{2,Ca,ot G fl) such that for all 
C G ST{Ca,a£ fl), C ^ /(£), 

Proof. Direct from Definition 12, 81 □ 

Example 2.18. We now consider two examples, well known in many-body quan- 
tum physics, where instead of Axioms PI and P2, we have 

(Pl) Ua^cQ-E, 

(p2) (n, Sa) n (V(U„7r-i(a„))) = U„^-i(a„), Va G Ua ^o., 
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Let Hi and H2 be complex Hilbert spaces, £1 = P(7ii), £2 ~ P('^2) and 
£ = P{Hi (E) H2). Then, Axioms pi, p2 and P3 hold in C. Moreover, Axiom P4 
holds for T U(Hi) X U(7^2)- Note that V(Ai x A2) = 1, for all A, C Y^h, with 
VA = 1. 

Let 7i be a complex Hilbert space and T — ©„>o W^" be the Fock space 
(neither symmetrized, nor antisymmetrized). Let C — P(^), and for all integer 
i, let Ci — PiH). Let n be an integer. Consider the family {Ci; I < i < n}. 
Then Axioms pi, p2, P3 and P4 with T, = U(H) hold in C for all n. For aU i, let 
Si = Note that in that case, for all n we have V(n"=i ^i) 7^ 1- 

3. Comparison with other tensor products 

In this section, we compare the bottom element Ci@C2 with the separated prod- 
uct of Aerts, with the 60a; product C1OC2 of Gratzer and Wehrung, and with the 
lattice tensor product L\ £2- On the other hand, we compare the top element 
C-i®C2 with the semilattice tensor product of Fraser and with the tensor products 
of Chu, Golfin and Shmuely. 

3.1. The separated product. 

Definition 3.1 (D. Aerts, 1 ). Let £ C\{Y.a)]a&n with for all a ^ 
orthoconiplemented, S Ila^Qi let p, g G S. Denote by # the binary 
relation on S defined by p#<z if and only if there is /3 G 51 such that pfj qp. 
Then 

A®..a£a := {R C S; R** = R} . 

Lemma 3.2. Let {Ca G Cl{'Ea)}aen with for all a G il, Ca orthocomplemented. 
Then 

and^(^^^a^a is orthocomplemented. 

Proof. Let S = J^^ S^. Obviously, =f/= is symmetric and anti-reflexive. Since Ca is 
orthocomplemented, J-a is separating, i.e. for all pa, Qa G Sq, there is Tq, G Sq, 
such that Pa J-a fa and (/q -/-a ra- Therefore, it follows directly from Definition 13. II 
that # is separating. As a consequence, ^(§j^q,£q is an orthocomplemented simple 
closure space on S. Moreover, coatoms are given by p'^ = UaTTa^iPa")- -^^ ^ 
consequence,^®^,^^^ Q ®a^a- 

Let a G ria^"- Denote the set of coatoms above Oa by Yl'[aa]. Then Oa — 
r\a^'[aa]. Moreover, 

f^{UaT^a^{Xa) ] X G HQ^'Iaa]} = ^aT^a^ {o-a) ■ 

As a consequence, ®a^a '^A^t^aCa. □ 
Remark 3.3. The symbol @ was originally used by Aerts. 

3.2. The box product and the lattice tensor product. 

Definition 3.4 (G. Gratzer, F. Wehrung, Let Ci and C2 be lattices and 

(a, 5) G £1 X £2- Define aOb = {{x, y) G £1 x £2 ; a; < a or ?/ < &}. The 601 product 
£in£2 is defined as the set of all finite intersections of the form r\{aiDbi ; i < n} 
where {ai,bi) G £1 x £2 for all i < n, ordered by set-inclusion Definition 2.1). 

Define aMb = {{x,y) e Ci x C2; x < a and y < b} U (£1 x U i-^Ci x ^2) 
where J-c- = {Oi} if £i has a zero, and otherwise. Call a subset X of £1 x £2 
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confined if X C a K 6 for some (a, 6) G Ci x £2- Let Ci K C2 be the set of all 
confined elements of £iD£2, ordered by set-inclusion. If £1 Kl C2 is nonempty, then 
it is called the the lattice tensor product of Ci and C2 (see j9j, Section 3). 

Definition 3.5. Let £ be a lattice and a G £. We denote by a | the set {x G 

C; X < a} and by L the set {a j ; a G £} ordered by set-inclusion (note that 

Let Si and S2 be nonempty sets, jCi C 2^^ and £2 ^ 2^^. We define £i@„£2 
by taking only finite intersections in Definition 12.111 If Ci and C2 are atomistic 
lattices, then £i@„£2 is defined as li@rJ2, where k = {S[ai] ; G Ci} C 2^' and 
S[ai] denotes the set of atoms under (S^ := E[li]). 

Proposition 3.6. Let L\ and £2 be lattices with 1. Then C1DC2 = ^i®ni2- 
Proof. Direct from Definitions 13.41 and 13. 51 □ 
Lemma 3.7 (0, Corollary 4.2). Let Ci and £2 he lattices with 0. Then C*inC2 ^ 

(£iK£2)*. 

Theorem 3.8. For atomistic lattices with 1 (and Q), £i@„£2 — £in£2> i'^'^ 
case £1 and £2 are moreover coatomistic, £i@„£2 = £1 ^£2. 

Proo/. Define / : £i@„£2 ^ £in£2 as 

/(S[ai] X E2 U El X I][a2]) - aina2 := (ai i) x £2 U £1 x (02 i) , 

and f{r\Xi) := r\f{xi). Obviously, / is bijective and preserves meets, hence also 
joins. 

From Lemma 1X71 and what precedes, we have (£1 £2)* = £i@„£2. Now, 
an atom of £*@„£2 is of the form r = {(a;i,a;2)} with xi and X2 coatoms, and 
a coatom is of the form x = '^'[pi] x E2 U S'l x S'[p2] with pi and p2 atoms and 
where T,'[a] denotes the set of coatoms above a (EJ := S'[Oi]). Moreover, r < a; if 
and only if pi < xi or p2 < X2- 

On the other hand, an atom of (£i@„£2)* is of the form s = 5][zi] x S2 U Si U 
T,[x2] and a coatom is of the form y = {(^1,^2)}, and s < y if and only if pi < xi 
or P2 l£ X2. Therefore, there is obviously an isomorphism between £*@„£2 and 
(£i@„£2)*, hence between £1 H £2 and £i@„£2. □ 

3.3. The tensor products of Chu, Golfin and Shmuely. 

Definition 3.9 (P. H. Chu, 3 §11.1, III.3). The category Chu(Set,2) has as 

objects triples A = {A,r,X) where A and X are sets and r is a map from Ax X 
to 2 (where 2 = {0,1}), and as arrows pairs of maps {F,G) : A {B,s,Y) with 
F : A —> B and G : Y X such that s{F{a),y) = r(a, G{y)) for all a G A and 
y G Y. There is a functor ^ and a bifunctor defined on objects as A-*- = {X, f, A) 
with f{x, a) = r{a, x), and A^ B = (A x B, t, Chu(A, B-^)) with t{{a, b), (F, G)) = 
r{a,Gib))^rs{F{a),b). 

Remark 3.10. A simple closure space £ G C1(S) is of course a Chu space, which 
we also denote by £ (for p G S and a G £, put r{p, a) = 1 if and only if p G a). 

Proposition 3.11. Let Cq G C1(Eo) md L\ G Cl(Si). Then there is a one to 
one correspondence between invertible arrows in Chu(£o,£i) and isomorphisms 
between Co and £1 . 
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Proof. Let f : £q ^ Ci he an isomorphism. Then {f,f~^) G Chu{Co, Ci). Let 
(F. G) be an invertible arrow in Chu(£o,'Ci). Then G : Ci ^ Co is bijective, and 
since G = F~^, G preserves arbitrary meets, hence also arbitrary joins. □ 

Definition 3.12. Lot and C2 be posots. A Galois connection between £1 and 
£2 is a pair (/, g) of order-preserving maps with / : £1 ^ £2 and 5 : £2 ^ £1, 
such that for all a e £1 and b G £2, /(a) < 6 a < g{b). 

Lemma 3.13. Let £0 and £1 be complete join-semilattices and {f,g) a pair of 
maps with / : £0 ^ £1 and 5 : £1 — > Co- 

(1) If{f,g) forms a Galois connection, then f preserves arbitrary joins. 

(2) Suppose that Co G Cl(So). For b G Ci, let F~^[b) denote the set {p G 
^0 ; f{p) < b}. Then f preserves arbitrary joins <^ /(a) = V{/(p) ; p £ a} 
for all a £ Co and F~^{b) G Co for all 6 G £1. 

Proof. (1) Lot uj C Cq. Since / preserves order, y := V{/(x) ; x G a.'} < f{\/uj). 
On the other hand, for any x G w, /(x) < y, hence x < g{y). As a consequence, 
Vw < g{y), therefore /(Vcj) < y. 

(2) (^) If p G VF-i(6), then f{p) < V{/(g) ; g G P-^b)} < b, hence p G 
F~^(6). (<J=) Obviously, (/, F~^) forms a Galois connection between Co and £1. □ 

Theorem 3.14. Let £1 G Cl(Ei) and £2 G C1(E2). Then, 

(1) £i®£2 ^ £i^x) £2,, 

(2) (£i®£2)* = {/ : £1 — > £2 ; / preserves arbitrary joins} ordered pointwise 
(i.e. f < g if and only if f{pi) <* fl'(pi) /or allpi G Si, w/iere <* denotes 
the order relation in C^)- 

Proof (1) We denote Si x S2 by S. Let (F,G) G Chu(£i,£^). Define 

^(P,G) ■■= U ^ ^(Pl) • 

By definition, W ^2 for all p G S, and 

gi G i?(i^,G)ib] ^ (gi,P2) G R{F,G) ^P2£ F{qi) ^qi€ G{p2) , 

thus Jp] G £1 for all p G S, hence R(f.g) £ Ci@C2. 

Let i? G £i®£2. Define : Si ^ £2 and G/{ : S2 ^ £1 as F/{(pi) := 
i?2[(pi,-)] and Gii(p2) := i?i[(-,P2)]. Then 

P2 G Fr(pi) (pi,P2) G Pl G Gij(p2) , 

so that {Fr,Gr) G Chu(£i,£^). 
Obviously, 

As a consequence, there is an invertible arrow in Chu(£i@£2, £i^^£2)- 

(2) Let (F,G) G Chu(£i,£^). Define f : Ci ^ C^ and g \ C^ ^ £1 as 
/(a) := nF(a) and g{b) = nG(6). Then, obviously (/, 5) forms a Galois connection 
between £1 and £3. 

Let / : £1 ^ £2 be V— preserving. Define 5 : £2 ^ £1 as g{b) := V{a G 
jCi ; /(a) <* 6}. Then, obviously {f,g) G Chu(£i,£^). □ 



THE SEMILATTICE, BOX, AND LATTICE-TENSOR PRODUCTS IN QUANTUM LOGIC 9 



Remark 3.15. Note that (V) is the Kl-tensor product of Golfin ( 8 , Definition 
II. 3. 6, II. 1.1). As a corollary of Theorem 13. 141 part 2, £i(V)£2 = Ci® C2 the tensor 
product of Shmuely |19) . Note that there is a one to one correspondence between 
maps from Ci to £3 preserving arbitrary joins and Galois connections between Ci 
and £2- 

3.4. The semilattice tensor product of Fraser. 

Definition 3.16. Let C be a concrete category over Set. Let {ka}aen and C be 
objects of C. A multi-morphism of C is an arrow / 6 Set(]^^ A^, C) such that 
for all a G Ha^a' /(^^["jQ^]) £ C(Aq,C), where for x G A^, a[x,a] is defined as 
Tra{a[x,a]) — x and 7r^(a[a;,a]) — ap, for all 13 ^ a. If \Vt\ — 2, then / is called a 
himorphism. 

Definition 3.17 (G. Seal, JH]). Let C be a concrete category over Set. A tensor 
product in C is a bifunctor — (g)— iCxC^C such that for all objects A, B of 
C, there is a a bimorphism / :AxB^A®B, and for all object C of C, and all 
bimorphism g : A x B ^ C, there is a unique arrow h G C(A ® B, C) which makes 
the diagram 

A X A® B 




C 



commute. 

Remark 3.18. By definition, the tensor product is unique up to isomorphisms. 
For the category of join-semilattices with maps preserving finite joins. Definition 
13. 171 is equivalent to the definition of join-semilattice tensor product given by Fraser 
in [7] (note that f{Ci x C2) generates £1 ® £2 if and only if the arrow h is unique). 
Therefore, we call the tensor product in the category of complete join-semilattices 
with maps preserving arbitrary joins, the complete join-semilattice tensor product. 
For £1, £2 G CI, it is given by £i(V)£2 (Theorem 15^ . 

Lemma 3.19. Let {£„ G C\{Yia)}aen: and £ G S(£Q,a G fl). Then, for all a G 
Ila^a' Ua^a ^ £. Moreover, the map / : Ha ^ £ defined as f{a) = H^^a, 
is an injective multi-morphism of CI. 

Proof. Obviously J^^ Oq, = nct7r~^(aQ.), hence the first statement follows from Ax- 
iom P2. 

Let T, ^ ll^T,a, p e T,, (3 e n, to C Cfj, and a G Ha -^a- By Axiom P3, 

V p[x,l3] =p[VLu,f3]. 

As a consequence, 

y f{a[x,(3])^\/ V p[x,(3]= V p[yLj,(3]=f{a[\/u;,/3]). 

□ 

Theorem 3.20. @ is a tensor product in CI. 
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Proof. Let £1, £2 e CI. By Theorem EH Ci®C2 e CI. By Lemma Km the 
map f : Ci X C2 ^ Ci@J^2 defined as /(ai,a2) :— ai x 02 is a bimorphism. 

Let £ G CI (or a complete join-semilattice), and let 5 : £1 x £2 ^ £ be a 
bimorphism. Define h : £i(V)£2 ^ £ by h{R) = V{g{pi,p2) ; {pi,P2) G R}. Let 
b E C Then (see Lemma f3. 131 for notations), 

H-'{b) ^ \J Pix G-l{b) = y Gp-i(6) xp2, 

where gp-^ := 5(pi, — ) and gp^ := g{—,p2). Since g is a, bimorphism, it follows from 
Lemma 13.131 and Definition 12.111 that H^^{b) G £i@£2. Therefore, by Lemma 
h e Cl(£i®£2,£). Finally, if h' e Cl(£i(V)£2, £) and h' o f ^ g, then h' 
equals h on atoms, therefore h' — h. 

Let Li, L2 e CI, /i e Cl(£i, Li), and /2 G Cl(£2, L2). Then g = Jo {f, x /2) : 
£1 X £2 Li(V)L2 is a bimorphism. We define /i(V)/2 £ Cl(£i(V)£2, ii®i2) to 
be the arrow h constructed above. □ 

4. Equivalent definition 

In this section we give an equivalent definition of S (£q , a G fi) and St (£« , a G fi) 
in terms of a universal property with respect to a given class of bimorphisms of CL 

Lemma 4.1. Let £ G C1(E). For all a E C, there is (a unique) /i^ ; £ — s- 2 
preserving arbitrary joins such that for all p £ Y., ha{p) — if and only if p G a. 

Proof Let 6 G £. Define ha by ha{b) = V{ha{p) ; p £ b} (hence /ia(0) = 0) with 
ha{p) — ii p £ a and ha{p) = 1 if p a. Then, by Lemma 13.131 h preserves 
arbitrary joins. □ 

Lemma 4.2. Let £ G CI, {£„ G Cl}„eo, T = JJ^Ta with T„ C Aut(£a), and 
f : —^Ca multi-morphism of CL Define 

Vrif) :={/ot, : J]£„-^£;t,Gr}, 

ex. 

Fn {naga : ^ 2; 5„ G Cl(£„,2)}, 

a 

with Hagai^a) := n{ga{aa) ; a £ f2}. Then the maps in Vrif) and Fp are multi- 
morphisms of CL 

Proof. Let g = na^Q G Fp, a G Yla^a, /? e il, and b £ C. Write /i(-) := 
g{a[-,P]):Cp^2. Then, 

i7-i(0) {p^ G ■ gp{pp) f| g^{a^) = 0} 

equals 1 if ga{aa) = for some a 7^ /?, and G^^(O) otherwise. Therefore, by Lemma 
13.131 h preserves arbitrary joins, hence g is a multi-morphism of CL 
On the other hand, let w = / o 1; G Vr and uj £ Cp. Then 

w{a[VLu,f3]) = fivia)[Vvf3{x) ; x £ u]) ^ \/ w(a[x,/3]) , 

since / is a multi-morphism. □ 

Definition 4.3. Let £ G CI and ^ C £. We say that A generates £ if each element 
of £ is the join of elements in A. 
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Theorem 4.4. Let C G C1(S), e C\{Y.a)}a&^, and T = Ha with C 
Aut(£a). 

(1) IJ C & SxiCcnOi G then there is a multi-morphism f : JIq '^a ^ of 
CI such that fiYia^a) generates C, and for all (7 G and w G Vrif), 
there is a unique h G C1(jC, 2) and a unique u G Cl(£, £) suc/i i/iai the 
diagrams 




2 £ 

(2) Conversely, if there is a multi-morphism of CI f : Y[a ^ ^ satisfying all 
conditions of part (1), then there is Cq G ST{jC^a,ct G fl) such that Cq. 

Proof. (1) By Lemma T^. 191 the map / : Yia -Cq ^ £ defined as /(a) = Yia 
multi-morphism of CI, and obviously, /(Ha '^a) generates £. Moreover, by Axiom 
P4, for all w G Vrif) there is a unique u such that the second diagram commutes. 

Let g — Haga G Fp and S = Hq ^a- Define := VG'~^(0) and x := UQ7rQ;^(aa) 
(see Lemma fri.l3|l . By Axiom P2 a; G £, and by Lemma [4.11 there is hx G Cl(£, 2) 
such that for all p G S, h^ip) = if and only if p G x. Hence, hx o f — g- Let 
h G Cl(£, 2) such that ho f — g. Then on atoms h equals hx, therefore h — h^. 

(2) Let So = Yia ^a- We denote by F the mapping from So to C induced by 
the multi-morphism /. 

(2.1) For a, b & Yia write a < 6 if and only if ap < hp, for all /3 G il. 
Claim: The following implication holds: /(a) C f[h) ^ a < b. As a corollary, / is 
injective. [Proof. Suppose that /(a) C f[b) and that ap ^ bj3 for some /? G 51. By 
Lemma f4. II there is hi,^ : Cp ^ 2 such that for all p G T,p, ht,^{p) = if and only 
if p G bfj. Let gfj := /it,^,, ga ha^ for all a ^ (3, and g :— C\aga- By definition, 
g G Fn, hence there is G Cl(£, 2) such that ho f — g. As a consequence, 

1 = 5/3(0/3) = 5(a) = Hf{a)) C h{f{b)) = g{b) = g^ibp) = , 
a contradiction.] 

As a consequence, since /(JIq ^a) generates £, for all p G So, i^(p) is an atom 
of £, and the mapping from So to S induced by F (which we also denote by F) is 
bijective. Moreover, for all a G Yia ^a, 

f{a) = W{Fip);p€Y[a^}. 

a 

Therefore, for all a, b ^ Ila'^"' have: a < b ^ f{a) C /(6) (note that if 
Q is finite, then this implication follows directly from the fact that / is a multi- 
morphism) . 

(2.2) Let £0 C 2^° defined as Cq ;= {F-^{c) ; c G £}. Then by what precedes, 
£0 £ Cl(So) and the map F~^ : £ ^ £0 is bijective and preserves arbitrary meets, 
hence also arbitrary joins. It remains to prove that £0 G SriCa, 01 G 51), hence to 
check that Axioms P2, P3 and P4 hold in £9. Below, if g G Fp, then G denotes 
the map from So to 2 induced by g. 
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(P2) Let a e Ila'^"' ^ F{(Jan^^{aa)), and p G So such that pa ^ aa for 
all a G fl. Suppose that F{p) E Vx. From Lemma l4.ll for all /3 G fl, there is 
haf^ G Cl(>C/3,2) such that for all p G S/3, haf^{p) = if and only if p G a^. Let 
g = Haha^ ■ By definition, 5 G Fn, hence there is /i G C1(>C, 2) such that h o f = g; 
whence 

1 = Gip) = h{F{p)) C h{yx) = V{/i(F(p)) ; p G U„^-i(a„)} 

= V{G(p);pGUa^^i(a„)} = 0, 

a contradiction. As a consequence, -F^^(VF(UQ7r 0:^(00))) = ^a^^a^i'^a), hence 
Ua7r;;;i(aa) G £o- 

(P3) Let P £ A (- E^, and p G So, such that p[^,/3] G £0, *-e- there is c G £ 
such that p[A, f3] = F^^(c). Let q G VA and let p G Hq such that HaPa — {p}- 
Then p[q, /3] G p[Vyl, /?], hence, since / is multi-morphism, we find that 

Fip[q,P]) G F(p[VA,/3]) C VF(p[VA,/3]) = /(p[VA,/3]) = \/ F(p[<z,/3]) C c. 

As a consequence, g G A, therefore A £ Cp. 

(P4) Let u G T andu G Cl(/:,/:) such that uof = fov. Define uq := F'^ouoF. 
Then wq G Aut(£o) and uo{p) = v{p) for all p G So- □ 

5. Sufficient and necessary conditions for £i@-C2 = Ci®C2 

Let £1, •••,£„ G CI be DAC-lattices. In this section, we prove that ®7=i'^i — 
®7=i^i (*-^- S(>Ci, • • • , Cn) has only one element) if and only if there is k between 
1 and n such that for all? ^ fc, £i is a power set. 

Lemma 5.1. Let G Cl{'Sa)}aen and £ G S{£a,C( G il). Let S — JJ^ and 
RCT,. Define 

pes 

Denote by V the join in C. Then for any / : N ^ 17 and any n G N, i?" :— 
V/(„) • • • V/(i) R C Vi?. Moreover, ify^R = R for all (3 efl, then R G ®„£a- 

Proof Obviously, for all l3 £ fl, V/5(V/3i?) = V/ji?, and by Axioms P2 and P3, 
V i? = Vi?. Therefore, since R C Vi?, i?" C (Vi?)" = Vi?. 

Moreover, from Definition 12.111 i? G ®^Ca if and only if VpR = R for all 

/3en. □ 

Theorem 5.2. Let {Ca G Cl(I]Q.)}Q,go aKc? S = J^^ Eq,. i/ there is at most one 
(3 en such that Cfi ^ 2^^ then ®^Ca = O^^a = {i? C S ; Rfj[p] G /I/j, G S}. 

Proof Let i? C S. Since C Vgji? C V@i?. We prove that V@i? C 

v®i?. 

Write El = E^g, £1 = Cp, and E2 = Ila^^/s ^a- Hence S = Ei x E2. We denote 
by TTi : S — > Ei (i = 1,2) the i— th coordinate map. From definition EHH we find 
that 

®^^pCc. = . 

Therefore, by Proposition 12. 121 

®^^a^o. = £i@2^^ . 
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Let a 6 £1 and be 2^^. Note that i? C a x U Ei x 6 if and only if 

g{b) 7ri(Si x 6^= n i?) C a , 

where b'^ denotes the set-complement of b, i.e. b'^ = Yi2\b. As a consequence, we 
find that 

y®R Q n (V5(6)) X S2 U El X 6 

bC7r2(fl) 

= U (n{V.g(&);&£ri(l)})x(nri(2)). 

For b C 7r2(i?), define m(6) := {a C 7r2(i?) ; 6 ^ a}. Then, 

V®i?= U (n{Vg(a); a e m(6)}) x 6. 

6CTr2(-R.) 

Note that for all q E b, q'^ D tt2{R) G m{b). Moreover, 
.g(q=n^2(i?)) =7ri(Ei x (gU^2(i?)")ni?) 
As a consequence, 

V®i?C U (n{Vi?i[(-,r7)]; x6 

f)C7r2(fl) 

= U {yRi[{;q)])xq = VpR. 
qeTT2{R) 

Finally, by Lemma Ol V/ji? = V(g)i?. □ 

Definition 5.3. Let E be a nonempty set. We denote by MOs the simple closure 
space on E which contains only 0, E, and all singletons of E. We write M0„ if 
|E|=n. 

Let C G CI. We say that C contains M0„ if there are n atoms pi, • • • ,Pn such 
that pi V Pn > Pi for all i between 1 and n. 

Let {Ecjcgn be a family of sets, and S = Hq ^a- We denote by S(S) the set 
{i? C S ; p„ 7^ yp,qeR, ae ft}. 

Theorem 5.4. Let L\ G Cl(Ei) and C2 G C1(E2). // both L\ and L2 contain 
MO3, then Ci®C2 ^ Ci®C2. 

Proof. Let R — {p,q,T} G S(Ei x E2) such that for i = 1 and for i — 2, pi V qi 
covers pi, qi and r^. By Definition l2.11l R ~ {p, q, r} G £i(V)£2- On the other hand, 
i? C a X E2 U El X 6 if and only if pi V gi C a or P2 V (72 C b. As a consequence, 

V@i? = (pi V qi) X (p2 Vq2)^R^ V®i?. 

□ 

Corollary 5.5. Let {d G Cl(E,)}i<i<„, 6e DAC-lattices. If @7=iQ = ®7=i^i, 
then there is at most one i such that Ci ^ 2^' . 

Proof. Suppose that Ci 7^ 2^» for i — m and for i — k with ni ^ k between 1 and 
n, and that @"^iA = ®7=i^i- Then, for i = m and for i ^ k, there is an atom 
Pi which is not a central element. Therefore, there is an atom qi such that pi V qi 
contains a third atom (see Theorems 28.8, 27.6 and Lemma 11.6). 
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Let £o and L\ := (V),,_^,„£i. By hypothesis, Cm® Co = Cm®Ci. 

Therefore, from Axioms P2 and P3, Cq ^ C\. Let r G ni^itm ^j- From Axiom P2, 
''[Pfe] V(g)r[gfc] = r[pfc Vg^], hence contains a third atom, therefore contains MO3. 
As a consequence, from Theorem 15.41 we find that 

Cr^®C^ = Cm®Co ^ C„,®Co = Cn®Ci , 

a contradiction. □ 

Theorem 5.6. Let C S C1(S) he coatomistic. Suppose that for all countable set A 
of coatoms C, UA ^ E. For all integer i, let Ci = C. Then ®°^-^Ci ^ ®'^iC- 

Proof For all i, let = S. Denote Hi^i by S. Let i? = {p e S ; p„ = 
Vm, n} 7^ S. From Definition [TTTl i? e On the other hand, by 

hypothesis, for all a e Jli^i ^ ^ U^i7r~^(ai), hence V@i? =1. □ 

Example 5.7. The Hypothesis of Theorem 15. fil ls fulfilled for instance if £ = P{T^) 
with H. a real or complex Hilbert space. 



6. Central elements 

Let {Ca e Cljago, C G S(£q,q; £ il) and /3 G il. In this section we prove 
that if z is a central element of Cp, then 7r^^(z) is a central element of C As a 
corollary, if C is irreducible, then all CaS are irreducible. We give some sufficient 
conditions under which the converse result holds for the bottom element ®^Ca, 
and we describe the decomposition into irreducible components of ©^.Ca in terms 
of the decompositions of each Ca- 

Definition 6.1. Let a and b be elements of a lattice. Then (a, 6) is said to be a 
modular pair (in symbols (a, b)M) if (c V a) A 5 = c V (a A &) for all c < b. 

Lemma 6.2. Let C G C1(E) and z G C. Then z is a central element of C if and 
only if z'^ := E\z G C and {z,z'^)M and {z'^,z)M. 

Proof. Direct from Theorem 4.13 (e) in □ 

Corollary 6.3. Let C G C1(I]) be orthocomplemented and let z E C Then z is a 
central element of C if and only if Z'^ — z'^ . 

Proof. First, note that C a!^ for all a E C. Suppose that z is a central element 
of C Then, since (z, z'^)M, we find that 

z"" = {z^ V z) n z'^ = z^ V (z n z"") = z^ . 

Suppose now that z^ — z'^ . We prove that (z,z'^)M. The proof for (z^,z)Af is 
similar. Let c E C with c C z'^. Then z = (z"^)^ C c^, therefore 

(c V z) n z'^ = (c U z)^^ n z^ = [(c-L n z") U z]^ = c-^-l c . 

□ 

Theorem 6.4. Let G Cl(SQ)}Qgf2, C G S(>Cq,q; G fi) and (3 e fl. If z is a 

central element of Cfj, then nQ^{z) is a central element of C. 
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Proof. From Lemma lO S/3\z £ Cfj. Therefore, by Axiom P2, {tt^^z))" = 

TTp^iz") e C. We denote 7r;^\z) by Z and 7rJ^(z^) by Z". We prove that (Z, 
The proof for (Z'^, Z)M is similar. 

Let i? G £ with R C Let S = Ha ^a- Write i? as i? = U{p[i?^[p]] ; p e S}. 
By Lemma RV Z = Ll{p[Rp [p] V z] ; p € S}. Therefore, since (z, z'^) is modular 
pair of Cf}, we find that 



Corollary 6.5. Let {Ca S Cl}aen and C € S{Ca,a S Q). If C is irreducible, then 
all Ca 's are irreducible. 

Definition 6.6. Let C G C1(S), p G S, and a ^ C. We denote the center of C by 
Z{C), we write e{p) = n{z G Z{C) ; p e z} and ^(2:(>C)) = {e(j>) ; p G S}, and 
[0, a] denotes the interval {6 G £ ; C & C a}. 

Lemma 6.7. -Let £ G C1(I]) be orthocomplemented. Then Z{C) is a complete 
atomistic sublattice of C, the set of atoms of which is given by A{Z{C)). Moreover, 



S = ; z G A{Z{£))}, and 

C= n [0'^]' 

ordered by f < g ^ f{z) < g{z) for all z G A{Z{C)). 
Proof. Let uj <Z Z{C). Then 



therefore, r\Lo G Z{C) by CoroUarv 16.31 Hence, Z is a complete sublattice of £. 

Let p G S and r G e{p). Then e(r) C e(p). Suppose that p is not in e(r). Then 
p G e(r)'^ n e(p), hence e{p) C e(r)'^ n e(p), therefore e(p) C e(r)'^; whence e{r) C 
e(p)'^ n e{p), a contradiction. As a consequence, p G e(r), therefore e(p) C e(r), 
hence e(p) — e(r). 

Let p, (7 G S. We have proved that either e{p) = e(g), or e{p) fl e{q) = 0. As a 
consequence, S = ; z G A{Z{C))}, hence ^(2'(£)) is the set of atoms of Z{C), 
and Z{C) is atomistic. The rest of the proof follows directly from Lemma 5.1 in 



Theorem 6.8 ([Tg, Theorem 1). Let {Ca G Cl(SQ)}aea with for all a € ft, Ca 

orthocomplemented. Suppose that one of the following assumptions holds. 

(1) f2 is finite. 

(2) For all a G il, Ca has the covering property, and for all p ^ q E with 
e{p) ~ e{q), p\/ q contains an infinite number of atoms. 

Then, @a^a is irreducible if and if all Ca 's are irreducible. Moreover, 



(i? V z) n z= = y p[{R^[p] V z) n = y - i?. 




□ 




m 



□ 



A{Z{®M)^{[[Za; Z e 



l[A{Z{Ca))}. 



a 



a 
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7. Automorphisms 

Let - ,Cn E CI different from 2, £ e S(£i,--- ,£„) and u e Cl(£,£) 

sending atoms to atoms. In this section we prove that if u is large (see Definition l7.3l 
below), then there is a permutation / and arrows Vi £ Cl(£i, Cf(^i)) sending atoms 
to atoms such that for any atom p of £, u{p) = Vi{pi). We need some hypotheses 
on each Ci which are true for instance if each Ci is irreducible orthocomplemented 
with the covering property or an irreducible DAC-lattice. Note that our hypotheses 
imply irreducibility. Note also that if u is an automorphism, then u is large. 

Definition 7.1. Let C G C1(S). We say that C is weakly connected if C ^ 2 and 
if there is a connected covering of E, that is a family of subsets {A^ ^ S ; 7 e cj} 
such that 

(1) E = U{A^ ; 7 e cr} and |^'^| > 2 for aU 7 e ct, 

(2) for all 7 G (7 and all p 7^ g G A''', p V q contains a third atom, 

(3) for all p, q £ Y,, there is a finite subset {71, • ■ • , 7ri} C u such that p G A'''^ , 
q G A''" , and such that n A'^'+i | > 2 for aU 1 < i < n - 1. 

We say that £ is connected if £ 7^ 2 and for all p, g G E, p V g contains a third 
atom, say r, such that p £ q \/ r and q £ pM r. 

Remark 7.2. Note that in part 2 of Definition 17.11 it is not required that the 
third atom under p V g is in . Let £ G C1(E). If £ is weakly connected, then 
£ is irreducible (follows directly from Lemma 16.21 and Lemma 5.1 in 13 , Theorem 
4.13). On the other hand, if £ 7^ 2 and £ is irreducible orthocomplemented with 
the covering property or an irreducible DAC-lattice, then £ is connected. 

Definition 7.3. Let {£„ G Cl(Ea)}cen, with for aU a G f^, £„ 7^ 2. Let £ G 

S(£q, a G rJ), S = Hq ^a, and let u G Cl(£, £). We say that u is large if for all 
/3 G f2 and p G S, u(p[E^]) is not an atom and u{l) ^ tt^ (P/j)- 

Lemma 7.4. Let {£„ G C^Sq)}^^^ anrf £ G C1(S) with S = Ha^a- Suppose 
that Axiom P2 holds in £. Let p, q £Y1. 

(1) If pp 7^ 9/5 /or at lest two /3 G 51, i/ien pV q ^ pU q. 

(2) For all f3 ^ J £ and for all b G £/? and c £ Cj such that pp £ b and 
Pj G c, p[b, (3] V p[c, 7] = p[b, (3] U p[c, 7] . 

Proof (1) Define 17^ := {/3 G ; p/3 7^ qp}. Let r £pV q, and /3 7^ 7 G f^,^. Then 

p, 9G [tt-i (p^)U (g7)]n[^^i (9/3)0^71(^7)] 

- K'(p/3) n 71^1(^7)] u [^^'(g/3) 0^71(97)] . 

Therefore, rp = xp and r7 = Xj, with x — p or q. 
(2) We have 

n^-i(6)n^7i(c)n [7r-i(p0)u^7i(P7)] f| ^-^(p^) =p[c,7] up[6,/?] . 

□ 

Tiieorem 7.5. Let {£i G Cl(Si)}ign /imte such that for all i £ il, Ci is 

connected. Let £ G S(£i,z G f2) and u £ Cl(£,£) large, sending atoms to atoms. 
Then there is a bijection f of U,, and for each i £ there is Vi £ Cl(£i,£/(i)) 
sending atoms to atoms such that u{p)f(^i^ — Vi{pi) for all p £ and i £fl. 
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Proof. The proof is similar to the proof of Theorem 3 in ^2] . 

(1) Let p G S and j G fl. Claim: There is fc G such that 

[Proof. Sinee Cj is connected, for all qj G Sj different from pj, pj V qj contains a 
third atom, say rj, and pj G qj^rj and (/j G pjVrj. Suppose that u{p)k ^ u{p[qj])k 
for at lest two indices k. Then, by Lemma IV. 41 part 1 and Axiom P3, 

u{p[rj]) G u{p\/p[qj]) = u{p) V u{p[qj]) = -(/(p) U u{p[qj]) . 

Assume for instance that u{p[rj]) — u{p). Then, 

u{p[qj]) G u{pVp[rj]) = u{p) V u{p[rj]) = u{p) , 

a contradiction.] 

(2) Let j G ri. Denote the fc of part 1 by f{j,p). Claim: The map p i— > f{j,p) 
is constant. [Proof. Let p, g G S that differ only by one component, say j' ^ j, 
i.e. pj> ^ qji , and pi — q-i, for all i ^ j'. Suppose that f{j,p) ^ fi.j,<l)- Write 
k f{j,p) and fc' := f{j,q). 

(2.1) We first prove that 

u{p[^,]) V = w(p[S,]) U . 

By hypothesis, 

u{p['Ej]) C and u{q[Y.j]) C . 

Hence, for all rj G Sj, we have 

= u{p[rj])iyi ^ A: and u(gr)„j = uiq[rj])m'^m ^ k' . 
Since u is large, is not an atom, hence there is rj G such that 

u{p[rj])k 7^ u{q)k . 

Note that u{q)k = u{q[rj])k. Therefore, since p[rj\ and q[rj\ differ only by one 
component, by part 1 we have 

u{p[rj\)i = u{q[rj])i\ll ^k. 

As a consequence, 

u{q)i u{q[rj])i = u{p[rj])i = VZ k, k' , 

and 

= u(p[rj])fe' = u(gf[rj])fe. G TTfe/ (^(^[Sj])) . 
On the other hand, since u((7[Sj]) is not an atom, there is Sj G such that 

Note that u{p)k' — u{p[rj\)}^i. Therefore, since q[sj\ and p[sj\ differ only by on 
component, by part 1 we have 

= u[p[sj\)i yi^k' . 

As a consequence, 

u{q)k = u{q[sj])k = u{p[sj])k G 7rfe(u(p[Ej])) . 

To summarize, we have proved that u{p)i = u{q)i for all I ^ k, k' , u{p)k> G 
TTfc' and u{q)k G Trk{u{p[T,j])). As a consequence, the statement follows 
from Lemma r7.4l part 2. 
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(2.2) Since Lji is connected, there is Sji £ pf V qji such that pf S qj' V Sji and 
Ij' ^Pi'^/Sji. Letr=p[sj']. Then, by Axiom P 3, for alHj e Sj, r[fj] C Vg[fj]. 
Therefore 

r[S,] Cp[S,]Vq[S,], 

and for the same reason 

p[S,.] C g[S,.] V r[S,.] and ^[S,] C p[S,] V r[S,] . 

Now, by part 2.1, 

u(p[S,] V g[S,]) = w(p[S,-]) V ti(g[S,.]) = u{p[ll^]) U u(g[S,.]) . 

As a consequence, by part 1, u(r[Sj]) C u,(p[5]j]) or ■u(r[Sj]) C u{q\T,j\). Assume 
for instance that w(r[Sj]) C u{p\Yjj\). Then, 

u{q[^j]) C u{p[^j] V rp,]) = «(p[E,]) V w(r[E,]) = w(p[S,]) , 

a contradiction. Hence, we have proved that if p, g G S differ only by one compo- 
nent, then f{i,p) = fij,q). 

(2.3) Suppose now that p and q differ by more than one component. Since fl 
is finite, there is Si, • • • , s„ € S such that = q, = p, and such that for all 
1 < i < n — 1, s' and s*"*"^ differ only by one component. Therefore, 

fU, q) = f{j, s') = f{j, s^) = . . . = f{j, s") = f{j,p) , 

and we are done.] 

(3) Let po G S. Define / : $7 ^ as f(i) := f{i,po). Note that by part 2, / 
docs not depend on the choice of pq. Claim: The map / is surjective. [Proof. Let 
k il. Suppose that for all z e 51 f(i) ^ k. Let p, g G S that differ only by one 
component, say j. Thcnp[Sj] = therefore u(p[Sj]) = u((7[Sj]). Moreover, by 
part 1, there is k' ^ k such ^(^[Sj]) C u{p)['Ek']- As a consequence, u{p)k = u{q)k- 

Since fl is finite, by the same argument as in part 2.3, we find that u{p)k = u{q)k, 
for all p, g G S. As a consequence, m(S) C tt^T (u(po)fe)) a contradiction since u is 
large.] 

(4) Let Pq G and j G fl. Define Vj : Cj ^f{j) ^ '^ji^j) •= ^/(j) (■"(Po[flj]))- 
Claim: vj does not depend on the choice of po- [Proof. Let q that differs from 
Po only by one component, say j' ^ j. Then, by Axiom P3, we have 

TTfQ){u{q[aj])) = 7r/(j)(u(V{g[rj] ; rj € aj)) 

= 7r/(j)(V{«(g[rj]); rj ea^}) = \/ «(g[rj])/(j) , 

and the same formula holds for n f(^j-^(u(po[aj])). Now 

where s = q[rj]. As a consequence, '^f{j)iu{q[aj])) = '!Tf{j)iu(j)o[aj])). 

Since is finite, by the same argument as in part 2.3, we find that T^f{j){u{q[aj])) 
= 7r/(j)(w(po[oj])) for all q G S.] 

It remains to check that Vj preserves arbitrary joins. Let co C Cj. Then, by 
Axiom P3, 

VjiVui) = TTf(j){u{p[\/uj])) = 7r/(j)(u(V{p[a:, j] ; x G w})) 

= ■^/(j)(v{u(p[a;, j]) ; X euj}) 
= V ^/(j)("(p[2;,i])) = V ^j(^)- 
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□ 

Corollary 7.6. // the u in Theorem |7.5| is an automorphism, then all vi 's are 
isomorphisms. 

Theorem 7.7. If the u in Theorem \7.5\ is an automorphism, the statement remains 
true if for all i Cz Ci is weakly connected. 

Proof. The proof is similar as in Theorem l7.5l We only sketch the arguments that 
must be modified. Note that since u is an automorphism and ^ 2 for all i e 17, 
u is large. 

(1) Since Cj is weakly connected, there is 70 £ cr^ such that pj G AJ" . By 
hypothesis and Axiom P3, for all qj G AJ" , p V (^['Zj]) contains a third atom, hence 
also u(p) V u(j)[qj]) since u is injective. As a consequence, there is k^„ G ft such 
that C u{p)[Sk-,.„]. Moreover, since u is injective, by the third hypothesis 
in Definition 17. II the map 7 1— > fc-^ is constant. Therefore, since UAJ = Sj, we find 
that C 

(2) Take p, g G S that differ only by one component such that qji and pji are in 
the same AJ. 

(2.2) By hypothesis, pji V qji contains a third atom, say rji, therefore r[Jlj] C 
p[Sj] V q[Ej], hence, u(r[Sj]) — u{p[T,j]) or u{r[T,j]) — u{q[T,j]), a contradiction 
since u is injective. As a consequence, f{j,q) = f{j,p). Now, since u is injective, 
by the third hypothesis in definition 17.11 we find that f{j,q) = f{j,p), for all 
p, g G S that differ only by the component j' . □ 

8. Orthocomplementation 

This section is devoted to our main result, namely that if £ G S(£i, • ■ • 
is orthocomplemented, then C — @^^iCi. We provide two proofs. The first one 
uses Theorem 17.71 hence requires each Ci to be weakly connected, so in particular 
irreducible. In addition we must assume that each Ci is coatomistic and that C 
is transitive. For the second proof, we assume that each Ci is orthocomplemented 
and that all its irreducible components different from 2 are weakly connected, but 
we do not need to assume that C is transitive. 

Definition 8.1. Let {'Sa}aen be a family of nonempty sets, p G S = Ila^a' 
P, -f e fl, Ap C Tjp, and C E^. Then 

p[Af3,A^] := G S ; G Af}, q-, G A^, q^ = Pa, Va 7^ /3, 7} . 

Lemma 8.2. Let {Ci G Cl(I]i)}i<i<„, x G Y[i=i with Xi coatoms, and let 
C G S{Ci, l<i<n). Then X := UlLiTr'^Xi) is a coatom of C. 

Proof. By Axiom P2, AT G £. Let S = 0"=! and p G S not in X. Write 
i?° := p U X and y := p V X. Define := V„ • • • Vi R^''^. By Lemma lO 
R^ C y, for all N. Now, Vfei?o = p[Efe] U i?", thus R^ = i?" U^^^ p[Sfc]. Further, 

n— 1 n 

i?2 = i?o (J (J p[Efc,,EfcJ. 

— 1 A:2— ^1+1 

Hence obviously, for N — n, R^ = S. □ 
Proposition 8.3. Let {Ca G Cl{T,a)}aen- 
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(1) If@^Ca is coatomistic, then all Ca's are coatomistic. 

(2) Suppose that 51 is finite and that all Ca 's are weakly connected. If @^Ca 
is orthocomplemented, then all Ca 's are orthocomplemented. 

Proof. (1) Let S = Yia p G S. From Definition 12.111 a coatom of @a^a 

over p is necessarily of the form UQ7r~^(a;Q) where all coatoms and with 

P/3 G for some /5 G fi. Let I]'[pa] denote the set of coatoms of Ca above Pa 
(write E„ := I]^[Oq]). If @a^a is coatomistic, then 

P = f^i^aT^a^iXa) X G Y\_^'a "^^^^ P(i ^ ^ p for SOmC /3 G 51} . 

a 

As a consequence, all >Ca's are coatomic. Moreover, for all a ^ ^l, pa — C\{xa ; Xa G 
E'[Pq]}, hence £„ is coatomistic. 

(2) Let /3 G Jl and a & Cp. We first prove that there is h & Cp such that 
7r-i(a)' = T^p^ih). Let / : S ^ n such that p' = UaT^a^ {fa{p)) for all p G S. 

(2.1) Let p, g G S. Claim: If f{p)a 7^ /(9)q f^or at least two a G 51, then 
p\/ q ~ pU q. [Proof Let 51^ = {a G 51 ; f{p)a ^ f{q)a} and 7 ^ ^ G 51^. Let 
r £ pV q. Then, 

Ua^-^(/(r)„) Dp'ng' D n-\f{p)^)n7:s\f{q)s)U7:-\f{q)^)n7:s\fip)s). 

Therefore, f{r)-y = and f{r)s = xs with x = f{p) ov x = f{q). As a consequence, 
r' = p' or r' = g', hence r = p or r = q] 

(2.2) Claim: Let p, 5 G S such that p and q differ only by one component, say 
7. Then f{p)a ~ f{'l)a for all a 7^ 7. [Proof. Since is weakly connected, from 
part 2.1 we find that there is (5 G 51 such that for all r G S-y, f(p[r, 7])q = f{p)a for 
all a ^ S. Hence, 

p[E^]'= y TT-\f{p)a)ii7Tj\x), 

for some a; G Cs- Now p[S7] fl n::^^{f{p)~^) ^ 0. Therefore, if (5 7^ 7, then p['S-y] fl 
p[I]-y]' ^ 0, a contradiction. As a consequence, (5 = 7 and x = 0.] 

Let p, g G S such that p G 7r^^(a)' and such that p and q differ only by one 
component, say 7, different from /3. Then 7r^^(a) C p' = UQ7r^^(/(p)Q), hence 
a ^ f{p)p- Now, from part 2.2, /(g)/? = f{p)i3, therefore 7r^^(a) ^ q', thus 
g G 7r^^(a)'. Now, by the same argument as in the proof of Theorem 17.51 part 
2.3, we find that for all g G S such that qp — pp, q G 7r^^(a)'. 

As a consequence, we have proved that there is an element in Cp, which we denote 
by a^i^ , such that 7r^^(a)' = 71^^(0^'^). Obviously, the mapping ±p: Cp Cp is 
an orthocomplementation. □ 

Theorem 8.4. Let {Ci G Cl(I]i)}i<i<„, with for all i, Ci coatomistic and weakly 
connected, and let C G S(Ci, I <i < n). If C is transitive and orthocomplemented, 
then C — @^^iCi. 

Proof. Let S = HiLi^i- denote the orthocomplementation of C by '. Let 
X G nr=i '^it'^ coatoms, and X := Uf^i'K~^{xi). By Lemma |01 X' — p, 
for some p G S. Let (7 G S. Since C is transitive, there is tt G Aut(£) such 
that u{p) = q, hence q' — u{p)' . Define u' G kut{C) as u'{a) :— u{a'y . Then 
q' — u{p)' ~ u'{p') — u'{X). From Theorem 17.71 u' factors, therefore there is 
y G n"=i '^ith Ui coatoms such that q' = Y := U"^i7rj~^(?/i). □ 
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Remark 8.5. A similar result, using a different set of axioms than Axioms PI- 
PS, is established in jJOl for n = 2 and Ci — P{'Hi) with Tii complex Hilbert 
spaces. If £ G Sxi^i, ^ ^ i ^ n), Ci are transitive, and the u in Axiom P4 is an 
ortho- isomorphism of C for all Vi G T^, then the proof does not require Theorem 
17.71 Below we give a second proof which requires neither Theorem 17. 71 nor C to be 
transitive. 

Theorem 8.6. Let {Ci £ Cl(I]i)}i<i<„, with for all i, Ci orthocomplemented. 
Suppose moreover that for all i, all irreducible components of Ci different from 2 
are weakly connected. Let C G S{Ci,l < i < n). If C is orthocomplemented, then 

c = ®uc,. 

Proof. Let S = TVi=i ^i- We denote the orthocomplementation of C by '. From 
Lemma f8. 21 we can define a map on S as (f>{p) = (see Definition 13.1(1 . Note 
that (f) is injective. We prove in four steps that is surjective. 

(1) Let p G S and aj G Cj for some j between 1 and n. Claim: (l){p[aj]) = 
p[aj]'^ . [Proof: If g G ?3[aj], then ploj]"^ C hence 0((7) G pioj]"^ . On the other 
hand, if q G p[aj]* , then. 

Let r G (?' not in p[aj]^. Note that ^'[0^'"^] C p[aj]*. Therefore, by Lemma [5. II 
r[a^^ V rj] C q' . Let k ^ j between 1 and n. Then, r[pj^'=,a^^ V r^] C p[aj]'^. 
Hence, since r[a'^^ V rj] C q' , by Lemma f5. II r[Y.k,a'^^ V rj] C g'. Repeating this 
argument as in the proof of Lemma 18.21 we find that '^J^i'if^ V r^) C q'. As a 
consequence, there is an atom sj with C s^^ such that 

Therefore, g = p[sj]'^ with Sj G a^, hence q G (/)(p[aj]).] 

(2) Let p G S. Claim: For all j between 1 and n there is g G n"=i ^(-Pi) ^.nd 
k between 1 and n such that (j>{p[e{pj)]) C g[e(pfc)] (see Definition 16.6(1 . [Proof. 
Note that if a G £, then o' C a'^, where a'^ denotes the set-complement of a, i.e. 
a'^ = S\a. By part 1, 

me{p,)]) c (p[e(p,)]^)^ = e(p,)n.^,((p.^')^) c nr=ie(p.) , 

since if qi G e(pi), then {q'^^Y ^ ^(pi). If [0,e(p_,)] = 2 (i.e. e(p_,) = pj), then the 
proof is finished. 

Otherwise, let tj ^ Sj G e{pj). Then, 

q G ^{p[tj]) V (j){p[sj])4=>p[tj]*np[sj]* C 9' 

^\Jnr\p^')U7:-\it,Vs,)^^)Cq\ 

hence if and only if q = (f){p[rj]) for some rj G tj V Sj. Therefore, if tj V Sj contains 
a third atom, so does (j){p[tj]) V (j){p[sj]). Hence, by Lemma 17^ part 1, (j){p[tj]) and 
(j){p[sj]) differ only by one component, say k. As a consequence, since Cj is weakly 
connected, for all Aj in the connected covering of Ej, there is q"^ G 11"= 1 ^(Pi) ^^'^ 
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such that (f){p[e{pj) n A'-]) C q^[e[pk^)\- From Hypotheses 1 and 3 in Definition 
17.11 the maps 7 i— > fc^ and ^ ^ q-y are constant since (j) is injective.] 

(3) Claim: For aU p G S and all j between 1 and n, there is g G Y\!i=i ^{Pi) such 
that (/)(p[e(pj)]) — q[e[pj)\. [Proof: From part 2, there is g € YYi^i ^{Pi), k between 
1 and n, and C e{pk), such that (/)(p[e(pj)]) — q^k\- 

Assume first that k ^ j. Let i?° := Up[e(pj)]*. By part 1, 

i?"' = q[bk]'np[e{pj)]*' = 0(p[e(p,)])' H 0b[e(p,)]) =0, 
hence Vi?" = 1. On the other hand, 

for all g e{pj) fl g^^, whence by Axiom P2, Vi?° ^ 1, a contradiction. As a 
consequence, k — j. 

Let R := q[bj] Up[e{pj)]*. From part 1, R' = 0(p[e(pj)])' n (l){p[e{pj)]) = 0. 
Therefore, Vi? = 1. Now, 

Note that for all a ^ Ci with a C e{pj), we have e(pj) n (a V e(pj)^j) = a (see 
Corollary 16. 3(1 . Therefore, a V e{pj)^^ — alj e{pj)^^ . Hence, we find that 

Rc\j7:r\pl')U7:j\eip,rub,). 

As a consequence, since Vi? = 1, from Axiom P2 we find that bj — e{pj)] 

(4) Let p e S and s G nr=i ^(Pj)- By part 3, (j){p[e{pi)\) = q^[e{pi)]. Therefore, 
there is ri e e(pi) such that (j){p[ri\)i ~ si. Let k < n and ri e e(pi), • • ■ , G 
e(pfe) such that 4>{p[ri, ■ ■ • ,rk\)i = Si, for all i < k, and such that (?!'(j3[ri , ■ • ■ , rk])k+i 
is different from s^+i. By part 3, 

Hp[ri,--- ,rk,e{pk+i)]) = q''+^[si, ■ ■ ■ Sk,e{pk+i)] ■ 

Hence there is rk+i G e{pk+i) such that • • • ,rk+i])i = Si, for all i between 

1 and k + 1. As a consequence, from Lemma 16.71 (j> is surjective. □ 

9. Covering property 

In this Section we prove that the top element @^Ca has the covering property 
if and only at most one is not a power set. We reproduces the analogue result 
concerning the bottom element @^Ca which is due to Aerts Moreover, for 
Ci = MOs; (i = 1, 2) and T ~ Aut(>Ci) x Aut(>C2), we prove that there is only one 
C G SrijCi, C2) with the covering property. 

Theorem 9.1 (D. Aerts, [T]). Let {Ca £ Cl{'Ea)}aen with for all a € ft, Ca 

orthocomplemented. If @^Ca has the covering property or is orthomodular, then 
there is at most one /3 G 51 such that Cp ^ 2^*^ . 

Proof. Let C G C1(S]) be orthocomplemented and let p, g G S such that p\/q = pUq. 
Define x := q^ O {pV q), then <Z x C_ p. If £ has the covering property, then 
1 x'^, whereas if C is orthomodular, x \/ q = p V q. As a consequence, x — p, 
hence p -L q. 
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Let /3 G il. Suppose that ^ 2^f. Then there are two non orthogonal 
atoms, say rp and sp. Let for some 7 G different from /?, and let 

p, q ^ Yla defined as pa — qa, for all a 7^ /3, 7, and Pq. = and = Sq, if 
a = /3 or 7. By Lemma 17.41 p V g — pU q. Therefore, by what precedes, since # is 
an orthocomplementation of @^Ca, p4f<l^ hence by Definition 13. II _L-y s-y. As a 
consequence, — 2^"* . □ 

Proposition 9.2. Let € Cl(EQ)}Qgn. If @^Ca has the covering property, 
then all La 's have the covering property. 

Proof. Let ap G Cp, qp G S/3 not in a^, and p G Ha ^^"^ covering property, 

we find that plqp] V p[a^] > p[ap\] Whence by Axiom P3, qfjW ap > ap. □ 

Remark 9.3. In the next theorem, we assume that each Ca G C1(Eq) with 
Ca 7^ 2^° contains MO4. This is for instance the case if is orthocomplemented 
orthomodular with the covering property. Indeed, if La 7^ 2^° , there is an atom pa 
which is not central, hence such that e{pa) contains at least two atoms, say r and 
s. Moreover, r V s contains at least three atoms, for Ca has the covering property. 
Finally, since Ca is orthomodular, [0, r V s] is orthocomplemented, hence contains 
at least four atoms. 

Theorem 9.4. Let {Ca e Cl{^a)}aen- 

(1) // each Ca has the covering property and there is at most one f3 E such 
that Cp ^ 2^^, then has the covering property. 

(2) Suppose that each Ca different from 2^° contains MO4. If @a^a has the 
covering property, then there is at most one /3 G such that Cp 7^ 2^i^ . 

Proof. (1) Let S — Sq, a G ®^Ca, g G S not in a, and R = qUa. By Lemma 

o 

qW^a^VpR^ \J p[yRp[p]]. 
pes 

Now, by definition, 

RibIp] = 7r^(pP/3] n (q U a)) = qp[p] U ap[p] , 

and qp[p] = qp if p 6 9[^/3]i qp[p] = otherwise. Hence, for all p not in q[^p], 
Rp[p] = o-pIp] G Cp, and if p G q[^p], then Rp[p] — qpU ap[p]. Therefore, wc find 
that 

qUaCqV®a = q[qpyap[q]] |J p[ap[p]] C aU q[qp y ap[q]] . 

As a consequence, q Vg) a> a. 

(2) Let /3 7^ 7 G ri. Suppose that neither Cp = 2^'' nor C-y = 2^-'. Let 
p, q, r, s, t E Yi such that Pa = qa = — Sa — ta, for all q different from /3 and 
7, and such that tp — pp and t^ — q^. Assume moreover that for a — (3 and for 
a = 7, Pa, qa, ra and Sq are all different and that pa V qa covers pa, qa, ra and Sq. 
By Definition 12.111 a — {p, q, r} and b — {p, q, r, s} are in ®„£a. Let R° ^ aUt. 
Then (see Lemma 15. It . 

R^ := V^i?° = i?" U p[p^ V g^] 

ii-^ := v^i?i = U V g^] Uq[ppV qp] U r[p^ V qp] Us[ppW qp] 
R^ := V^i?2 = V (?/5,P7 V 57] • 
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Hence, by Lemma l5?Tl a V® t = ^ b ^ a, therefore ®a^a has not the covering 
property. □ 

Definition 9.5. Let Si, S2 be sets, Ci = MOsi, ^2 = MOsa (see Definition 
l53|) . Then, 

£1 o C2 Ci®C2 U{Re X S2) ; \R\ - 3} . 

Theorem 9.6. Let Ei anrf E2 be sets, Ci = MOsi, ^2 = MOs^, T = Aut(/:i) x 
Aut(£2), a?^'^ G 5T(iIi, 'C2)- r/iera £ has the covering property O £ = £1 o £2- 

Proof. (■^) Let S = El X E2, 2 = S(Si x £2), and a e £1 o £3. Then a G S and 
|a| = 3, or a G £i@£2. Hence one of the following cases holds. 

(1) AGS. 

(2) a G S and |a| = 2 or 3. 

(3) a = pi X S2 or a = S2 X p2 for some p — (pi,P2) G 5]. 

(4) a = pi X S2 U El X p2, for some p G S (i.e. a is a coatom). 

Hence, obviously £1 o £2 has the covering property. 

(=>) Let £ G S(£i, £2) with the covering property, and i? C S. 

(1) By Lemma l5.ll and Axiom P2, if i? ^ S {i.e. there are p^, p'^ € R with 
pi = p2 fgj. j ^ then WR G £i@£2. 

(2) Suppose now that i? G S. By LemmaOpart 1, if \R\ < 2, then R G £i@£2, 
hence R £ C. Moreover, if |i?| > 3, then for all s G S not in R with si G Tri{R) or 
S2 G 7r2(i?), we have V(i? U s) = 1. 

(3) Suppose that i? G S and that \R\ = 3. Write a := Vi?. Claim: a^l [Proof: 
Write R = {p,q,r} and suppose that a — 1. As we have seen i?° :— {p,q} G £. 
Hence 

1 = a = r V i?° 2 pi X E2 U El X 92 2 , 
a contradiction since £ has the covering property] 

As a consequence, from part 2, 1 > a. Moreover, a G S. We write a as a = 
{Pi ^ /(Pi) ; Pi G ''■i(a)}- Hence, / is injective. 

(4) Claim: a ^ R. [Proof. First, note that any bijection of E2 induces an 
automorphism of £2. Suppose that a ^ R, hence |a| > 4. Let V2 G Aut(£2) such 
that its restriction to 7r2(a) is different from the identity, and with at least three 
fixed points in 7r2(a). By Axiom P4, there is m G Aut(£) such that on S, m equals 
id X V2. Hence c := {{pi,V2 o f{pi)) ; pi G 7ri(a)} G £ and c fl a ^ a, therefore 1 
does not cover c n a. Moreover |c fl a| > 3; whence a contradiction by part 3.] 

(5) Finally, suppose that i? G E! and |i?| > 4. Let b = WR. Claim: b ~ 1. [proof. 
Let i?o G S with Rq Q R and |i?o| = 3. By what precedes, Rq £ C and 1 > Rq. As 
a consequence, 6=1.] □ 

10. An example with the covering property 

Let Hi and Ti.2 be complex Hilbert spaces and T = U(Hi) x \J{H2). In this sec- 
tion, we give an example in 5t(P(Hi), P{Ti.2)), denoted by P('Hi)(J[)P(H2), which 
has the covering property. Moreover, P{Ti.i)(^P{H2) is coatomistic, but, as ex- 
pected, the dual has not the covering property, i.e. P(7ii)(IDP(^2) is not a DAC- 
lattice. 

Definition 10.1. Let Hi and H2 be complex Hilbert spaces, S = E^^j^ x E-^C2, 
£1 — P{Hi), £2 = P{H2), and E^ the set of one-dimensional subspaces of Hi®H2. 
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For V G P(7^l ® H2), define EJV] := {(pi,P2) e ; pi <» P2 & V}. Then, 

/:i®/:2 {S^ [V]:Ve P(Hi ® H2)} , 

ordered by set-inclusion. For yl C S, we write A-^ := {q G Y.^ ; {q,pi ® P2) ~ 
0, V(pi,p2) G A}, where (— |— ) denotes the scalar product in TLi ®Ti2- Moreover, 
we denote the set of antilinear maps from Tii to 7^2 by ^(7^1,7^2)- 

Proposition 10.2. Let m and n be integers, Hi = C™, 7^2 — C", Ci = P(7ii), 
C2 = P(7^2); and S = S^, X For A G y^(7^l,7^2), de/?Tie C S as 

:= U{pi X {A{pi)^^) ; pi G Ei}. Then, 

A®£2 = {ncc; ; C {Xa ; A G ^(T^i, 7^2)}} • 

Proof. Let {e^}i<i<TO and {e|}i<j<,i denote the canonical basis of C™ and C" 
respectively. 

Let V G C™ (8) C" and p — [pi,P2) G S with pi = Cwi and p2 = Cw2- Write v, 
wi and W2 as 

m n m n 

V — ^ ^ 6^, u;i = ^ AjCj^, and W2 = ^ A^je^ . 

i—1 ^ — 1 i—1 J — 1 

Let 

A = (Ai, • ■ • ,XmV and ^ = (/^i, ■ • • , ^inV ■ 
Let be the m x n matrix defined as Sij — sij. Then p G if and only if 

{wi ® W2,v) = 0, hence if and only if 'pj X — 0. Let A be the antilinear map 
defined by the matrix . Then, p G if and only if p2 G A{pi)'^, that is if 

and only if p G X^. As a consequence, = Xj^. 

On the other hand, if yl G ^(7^1,7^2), then Xa — where v is given by 

the formula above with Sij = {A'^)ij. □ 

Remark 10.3. Let 7i be a complex Hilbert space of dimension > 3. Then, by 
Wigner's theorem (see Theorem 14.3.6), any ortho-automorphism of P(7i) is 
induced by a unitary or antiunitary map on Ti.. Note that if vi is a unitary map 
on Til and V2 is an antiunitary map on 7^2, then v = vi x V2 does not induce an 
automorphism of Ci(^C2- Indeed, let Xa be a coatom. Then 

viXA)= U Viipi) X V2{A{pi)^^) ^ \J piX ({v2oAov^\pi))^'). 

Now, since A and V2 are antilinear and vi is linear, it follows that V2 o A o is 
linear, hence v{Xa) is not a coatom of Ci(^C2. 

Theorem 10.4. Let 7ii and Ti.2 be complex Hilbert spaces, S = S-^^ x S-^a, 
Ci = P(7^i), C2 = P(7^2), and T = U(7^i) x U(7^2)- Then 

(1) for all A C S, we have V®A = Y.^[A^^], 

(2) /:i®/:2 e5T(/:i,/:2), 

(3) £i(JC)>C2 ^fls ^'je covering property and is coatomistic, but, if Ci ^ 2 ^ C2 
(i.e. the dimension of Tii and Ti.2 is > 2), the dual has not the covering 
property, 

(4) Ci®C2 = {S, [V];Ve PiHi ®7^2), - [V]^^, = [V^]^^} (i.e. 
both V and are spanned by product vectors), 

(5) if Ci^2^ £2, then Ci®C2 j Ci(^C2 § Ci®C2. 
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Proof. (1) Follows directly from Definition llQ.il 

(2) Obviously, Ci(^C2 £ C1(S). Let a e Ci®C2. By Definition O 

Hence, a* C a^, C a*^, thus S^[a-'-'-] C a*^ = a, therefore a — 'S^la^^]. 
As a consequence, Ci@C2 C £i®£2- 

Let y G P(Hi ® H2) such that [V] = pi x A2. Then 

therefore A^^^'^ C ^2, hence yl2 G £2- As a consequence, Axiom P3 holds. 

Axiom P4 with T = \){ni) x U(H2) holds in P(Hi «> 7^2), therefore obviously 
also in Ci(^C2. 

(3) The covering property holds in P(Hi ®Ti.2) (see Theorem 34.2), hence, 
by part 1, also in £i(JP)£2- Moreover, since P('Hi (8)^2) is coatomistic, so is Ci(^C2. 

Finally, let p G S. Then x = T,^[p^] = p"^ is coatom of £i®£2- Now, there is 
R G (see Definition 0|l with |i?| = 2, such that x n i? = 0. By Lemma 17^ 

i? G £i®£2- Moreover a; Vgg i? = 1 since x is a coatom. Hence, writing R = {p, q}, 
and the order relation, meet, join, bottom and top elements in (£i®£2)* by <^, 
A*, V*, 0*, and 1* respectively, we find that xA^R = Q* and x\/^R = 1* p R. 
Therefore, (£i®£2)* has not the covering property. 

(4) Let p G S and q G p*^. Write q = Cv with v e Hi (gi H2. For i = 1 and 
i = 2, let {wf } be an ortho-basis of p^\ and let Xi G Pi {i.e. pi — Cxi). Then v 
can be decomposed as 

V = axi (S)X2 + ^/Jfe^xi (g) Wj"" + (g) X2 + ^^lhi2Wi ® • 

k2 ki /1/2 

Now, = p^^ X UE-Hi XP2^. Hence, since v G p^^, we find that /3fci = f3k2 = 
Ihh — 0, for all fci, /c2 7 li and Z2- Therefore, v G p, hence p"^^ = p. 

Let a G Ci@C2- From part 1, a = S^[a-'-'-]. On the other hand, = S]^[a^]. 
Now, a = a^"^ = nlp"^ ; p G a"^}. Hence, by what precedes, 

^ {yj{p*^ ■ p e a*})^^ = a*^^ , 

therefore a-^ is also spanned by product vectors. 

Let V G P{Hi ® H2) such that both V and V-^ are spanned by product vectors. 
Let a := T,^[V] and 6 := T.^[V^]. Since SJV^]-^^ = V and S^[y^]^^ = l^^, we 
find that 

[E, [V]^] - [y^] and E^ [E^ [V^]^] = E^ [V] . 

Therefore —b and b'^ = a. As a consequence, a G £i@£2- 

(5) By part 4, £i@£2 ^ £i®£2- On the other hand, by Theorem lOl £i(V)£2 
has not the covering property, whereas by part 3, £i®£2 has the covering property. 
As a consequence, £i(J[)£2 ^ £i®£2. □ 

Acknowledgments 

An important part of this work was done during a stay at McGill. In this 
connection, I would like to thanks M. Barr for his hospitality. 



THE SEMILATTICE, BOX, AND LATTICE-TENSOR PRODUCTS IN QUANTUM LOGIC 27 



References 

[1] D. Aerts. Description of many separated physical entities without the paradoxes encountered 

in quantum mechanics. Found. Phys., 12{12):1131-1170, 1982. 
[2] D. Aerts. The missing elements of reality in the description of quantum mechanics of the 

EPR paradox situation. Helv. Phys. Acta, 57(4):421-428, 1984. 
[3] M. Barr. *- autonomous categories, volume 752 of Lecture Notes in Mathematics. Springer, 

Berlin, 1979. With an appendix by Po Hsiang Chu. 
[4] G. Birkhoff and J. v. Neumann. The logic of quantum mechanics. Ann. of Math. (2), 

37(4):823-843, 1936. 

[5] C.-A. Faure and A. Prolicher. Modem projective geometry, volume 521 of Mathematics and 

its Applications. Kluwer Academic Publishers, Dordrecht, 2000. 
[6] C.-A. Faure, D. J. Moore, and C. Piron. Deterministic evolutions and Schrodinger flows. Helv. 

Phys. Acta, 68(2): 150-157, 1995. 
[7] G. A. Fraser. The semilattice tensor product of distributive lattices. Trans. Amer. Math. 

Soc, 217:183-194, 1976. 
[8] A. S. Golfin. Representations and products of lattices. PhD thesis, U. Mass., Amherts, 1987. 
[9] G. Gratzer and F. Wehrung. A new lattice construction: the box product. J. Algebra, 

221(l):315-344, 1999. 

[10] B. Ischi. A characterization of the Aerts product of Hilbertian lattices. Submitted, available 

on http : //arxiv . org/abs/math-ph/0405048. 
[11] B. Ischi. Orthocomplementation and compound systems. Submitted, available on http:// 

arxiv . org/abs/quaiit-ph/0410085. 
[12] B. Ischi. Endomorphisms of the separated product of lattices. Intemat. J. Theoret. Phys., 

39(11):2559-2581, 2000. 

[13] F. Maeda and S. Maeda. Theory of syrmnetric lattices. Die Grundlehren der mathematischen 

Wissenschaften, Band 173. Springer- Verlag, New York, 1970. 
[14] J. V. Neumann. Mathematical foundations of quantum mechanics. Princeton University Press, 

Princeton, 1955. Translated by Robert T. Beyer. 
[15] C. Piron. Axiomatique quantique. Helv. Phys. Acta, 37:439-468, 1964. 

[16] C. Piron. Foundations of quantum physics. W. A. Benjamin, Inc., Advanced Book Program, 
Reading, Mass. -London- Amsterdam, 1976. Mathematical Physics Monograph Series, 19. 

[17] S. Pulmannova. Tensor product of quantum logics. J. Math. Phys., 26(l):l-5, 1985. 

[18] G. J. Seal. Cartesian closed topological categories and tensor products. Appl. Categ. Struc- 
tures, 13{l):37-37, 2005. 

[19] Z. Shmuely. The structure of Galois connections. Pacific J. Math., 54(2):209-225, 1974. 

Boris Ischi, Laboratoirb de Physique des Solidbs, Univbrsite Paris-Sud, Batimbnt 510, 
91405 Orsay, France 

E-mail address: ischiQkalynmos.unige.ch 



